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Abstract

Universal online learning aims to achieve optimal regret guarantees without requiring prior
knowledge of the curvature of online functions. Existing methods have established minimax-
optimal regret bounds for universal online learning, where a single algorithm can simul-
taneously attain O(v/T) regret for convex functions, O(dlog T) for exp-concave functions,
and O(logT') for strongly convex functions, where T is the number of rounds and d is the
dimension of the feasible domain. However, these methods still lack problem-dependent
adaptivity. In particular, no universal method provides regret bounds that scale with the
gradient variation Vr, a key quantity that plays a crucial role in applications such as
stochastic optimization and fast-rate convergence in games. In this work, we introduce
UniGrad, a novel approach that achieves both universality and adaptivity, with two distinct
realizations: UniGrad.Correct and UniGrad.Bregman. Both methods achieve universal re-
gret guarantees that adapt to gradient variation, simultaneously attaining O(log Vi) regret
for strongly convex functions and O(dlog V) regret for exp-concave functions. For con-
vex functions, the regret bounds differ: UniGrad.Correct achieves an O(y/Vz log V) bound
while preserving the RVU property that is crucial for fast convergence in online games,
whereas UniGrad.Bregman achieves the optimal O(y/Vr) regret bound through a novel de-
sign. Both methods employ a meta algorithm with O(log T') base learners, which naturally
requires O(log T') gradient queries per round. To further enhance computational efficiency,
we introduce UniGrad++, which retains the regret guarantees while reducing the gradi-
ent query requirement to just 1 per round via a surrogate optimization technique. Our
results advance the state-of-the-art in universal online learning, with immediate implica-
tions and applications, including small-loss and gradient-variance bounds, novel guarantees
for the stochastically extended adversarial model, and faster convergence in online games.
Additionally, as an extension, we provide an anytime variant of our method.

1. Introduction

Online convex optimization (OCO) is a versatile and powerful framework for modeling the
interaction between a learner and the environment over time (Hazan, 2016; Orabona, 2019).
In each round ¢ € [T, the learner selects a decision x; from a convex compact set X C RY,
while the environment simultaneously chooses a convex online function f; : X — R. The
learner then incurs a loss fi;(x;) and receives information about the online function to
update the decision to xy41, with the goal of optimizing the game-theoretic performance
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metric known as regret (Cesa-Bianchi and Lugosi, 2006), whose definition is given by

T T
REGT = th(xt) — E’élilz fr(x). (1.1)
t=1

t=1

The regret quantifies the learner’s excess loss relative to the best offline decision in hindsight.
In OCQ, it is well-established that the type and curvature of online functions significantly in-
fluence the minimax regret bounds. For convex functions, Online Gradient Descent (OGD)
can achieve an O(v/T) regret (Zinkevich, 2003). For a-exp-concave functions, Online New-
ton Step (ONS), with prior knowledge of the curvature coefficient «, attains an (’)(g logT)
regret (Hazan et al., 2007). For A-strongly convex functions, OGD with a suitable step
size configuration relating to the curvature coefficient A\ enjoys an (9(% log T') regret (Hazan
et al., 2007). These regret rates have been proved to be minimax optimal (Ordentlich and
Cover, 1998; Abernethy et al., 2008).

Notably, there are two caveats in the above results. First, to achieve the optimal regret
bounds, these algorithms require prior knowledge of the function type and the parame-
ter characterizing the curvature as the algorithmic input. Moreover, these algorithms are
only optimal in the worst case and lack adaptivity to problem-dependent hardness. There-
fore, modern online learning research strengthens these results in two key aspects: (%)
universality, to handle the unknown types and curvatures; (i) adaptivity, to adapt to the
problem-dependent hardness. In the following, we discuss each aspect in detail.

1.1 Universality: Unknown Curvature of Online Functions

Traditionally, to attain the minimax optimality, the learner must select the “correct” algo-
rithm with well-tuned parameters tailored to each specific class of online functions, which re-
quires the prior knowledge of the curvature information and can be burdensome in practice.
Universal online learning aims to develop a single algorithm agnostic to the specific function
type and curvature while achieving the same regret guarantees as if they were known (van
Erven and Koolen, 2016; Cutkosky and Boahen, 2017; Wang et al., 2019; Mhammedi et al.,
2019; Zhang et al., 2021, 2022a; Yan et al., 2023, 2024; Yang et al., 2024). The pioneering
work of van Erven and Koolen (2016) proposes the MetaGrad algorithm that achieves an
O(VT) regret for convex functions and an O(<£ logT) regret for exp-concave/strongly con-
vex functions, leaving a gap to the optimal O(5 log T') regret for strongly convex functions,
which is later closed by Wang et al. (2019).

The above methods rely on a meta-base two-layer structure to handle the uncertainty of
the function curvature. Specifically, for each function family, the online learner maintains
a set of base learners with different configurations, with a meta algorithm running on top
to combine their outputs. To achieve the desired universality, MetaGrad and its variants
require the base learners to optimize over heterogeneous surrogate loss functions customized
to each function family, and use a complex meta algorithm to adaptively combine these het-
erogeneous base learners. The entire structure can be complex and technically challenging
to analyze due to the heterogeneity of the base learners.

To enhance flexibility, Zhang et al. (2022a) introduce a simple and general framework
that uses a meta algorithm equipped with a second-order regret bound, directly operating
the base learners on the original online functions. The method still achieves optimal regret
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bounds universally: O(v/T) for convex functions, (’)(g logT) for a-exp-concave functions,
and O(% logT') for A-strongly convex functions. It requires O(logT) gradient queries per
round, as O(logT') base learners are maintained in parallel with different configurations.

1.2 Adaptivity: Unknown Niceness of Online Environments

Within a specific function family, the algorithm’s performance is also influenced by the
problem-dependent hardness. Ideally, a well-designed online algorithm should be robust to
the worst-case scenarios while simultaneously delivering faster-rate guarantees in more be-
nign and easier environments. Problem-dependent online learning aims to design algorithms
with regret guarantees scaling with the problem-dependent quantities (Srebro et al., 2010;
Chiang et al., 2012; Orabona et al., 2012; Wei and Luo, 2018; Zhang et al., 2019; Cutkosky,
2020; Zhao et al., 2024). There are several different notions of problem-dependent adaptiv-
ity, including the small-loss bound, the gradient-variance bound, and the gradient-variation
bound. Among these, we focus on gradient-variation regret (Chiang et al., 2012; Yang
et al., 2014), due to its fundamental importance in modern online learning and its strong
connections to game theory and optimization. The gradient-variation regret replaces the
dependence on the time horizon T' with the gradient-variation quantity Vp defined as

T
Vp £ sup |V fi(x) = Vfier ()%, (1.2)
t—2 XEX

which measures the cumulative change of gradients across consecutive functions. When the
online functions change gradually, Vp can be very small, even as low as O(1) when the
functions are basically the same. On the other hand, under the standard bounded-gradient
assumption, Vp is at most O(T) in the worst case. Under smoothness, more adaptive
algorithms can improve the minimax regret to O(v/Vr), O(Z1log V), and O(%log V) for
convex, a-exp-concave, and A-strongly convex functions, respectively.

These results are important since they safeguard the minimax worst-case rates and can
be much better when the environment is easier such as Vp = O(1). Moreover, as demon-
strated by Zhao et al. (2024), the gradient-variation regret is more fundamental than other
well-known problem-dependent quantities like the small loss Fr = minyex Y2 f¢(x) (Sre-
bro et al., 2010; Orabona et al., 2012), since gradient-variation regret can imply small-loss
bounds directly in analysis. Furthermore, gradient variation plays a crucial role in bridging
adversarial and stochastic optimization (Sachs et al., 2022; Chen et al., 2024), enabling fast
rates in online games (Syrgkanis et al., 2015; Zhang et al., 2022b), and facilitating accel-
eration in smooth offline optimization (Zhao, 2025; Zhao et al., 2025). As a result, there
has been a surge of recent interest in achieving gradient-variation regret bounds in various
online learning problems (Zhao et al., 2020; Sachs et al., 2022; Zhang et al., 2022b; Qiu
et al., 2023; Tsai et al., 2023; Zhao et al., 2024; Tarzanagh et al., 2024; Xie et al., 2024).

1.3 Our Contributions and Techniques

Motivated by the above progress of modern online learning, a natural question arises: Is it
possible to design a single algorithm that achieves both universality and adaptivity? More
concretely, the goal is to design a universal algorithm with gradient-variation regret bounds
across different function families: a single online algorithm simultaneously achieving an
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Table 1: Comparison with existing results (including prior works and our conference ver-
sion (Yan et al., 2023)). The second column shows the regret bounds for strongly convex,
exp-concave, and convex functions. The third column indicates the computational effi-
ciency, where “# Grad.” is the number of gradient queries in each round and “# Base” is
the number of maintained base learners. The last column indicates whether the method
can support the RVU property that is vital for the fast-convergence of online games.

Mothod Regret Bounds Efficiency RVU
Strongly Convex Exp-concave Convex # Grad. # Base

van Erven and Koolen (2016) O(dlogT) O(dlogT) O(VT) 1 O(logT) X
Wang et al. (2019) O(logT) O(dlogT) OWT) 1 O(logT) X
Zhang et al. (2022a) O(log Vir) O(dlog V) OWT) O(logT) O(logT) X
Yan et al. (2023) O(log V) O(dlogVr) O(V/VrlogVz) | O((logT)?) | O((logT)?) v
UniGrad.Correct (Theorem 1) O(log V1) O(dlogVr) O VrlogVr) | O(logT) O(logT) v
UniGrad.Bregman (Theorem 2) O(log V1) O(dlog Vr) O/ Vr) O(logT) O(logT) X
UniGrad++-.Correct (Theorem 3) O(log V1) O(dlogVr) O(V/Vrlog V) 1 O(logT) v
UniGrad++.Bregman (Theorem 4) O(log V1) O(dlog V) O(K/Vr) 1 O(logT) X

O(+/Vr) regret for convex functions, an O(%log Vr) regret for a-exp-concave functions,
and an O(% log V) regret for A-strongly convex functions, respectively.

Zhang et al. (2022a) obtain partial results with regret bounds of O(v/T), (’)(g log V1),
and O(% log V) for convex, a-exp-concave, and A-strongly convex functions, simultaneously.
Their result, however, falls short in the convex case, which is arguably the most important:
the improvement from 7" to Vr is polynomial for convex functions, whereas logarithmic for
the other cases. This gap was left open in their work.

In this paper, we resolve the open problem and obtain the desired gradient-variation
regret bounds for all three types of functions. Our approach builds on the optimistic online
ensemble framework developed for gradient-variation dynamic regret (Zhao et al., 2024).
However, significant new ingredients are required for universal online learning, particularly
in properly encoding gradient-variation adaptivity across all three types of functions. We
propose a novel approach called UniGrad (short for “Universal Gradient-variation Online
Learning”), consisting of two distinct realizations based on fundamentally different ideas.

o Method 1 (UniGrad.Correct): Online Ensemble with Injected Corrections. We
propose the UniGrad.Correct algorithm, which consists of a three-layer ensemble structure
and incorporates injected corrections to ensure stability cancellation within the online
ensemble. The algorithm simultaneously achieves regret bounds of (’)(%log Vr) for A
strongly convex functions, (’)(g log Vi) for a-exp-concave functions, and O(y/Vrlog V)
for convex functions.

o Method 2 (UniGrad.Bregman): Online Ensemble with Extracted Bregman Di-
vergence. We propose the UniGrad.Bregman algorithm, which leverages a negative term
from the extracted Bregman divergence in linearization and employs a novel analysis that
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bypasses stability arguments to handle gradient variation. The algorithm simultaneously
achieves regret bounds of O(% log V) for A-strongly convex functions, (’)(g log Vi) for
a-exp-concave functions, and O(y/Vr) for convex functions.

Although UniGrad.Correct exhibits slight suboptimality in the convex case compared to Un-
iGrad.Bregman, the two methods rely on fundamentally different principles and enjoy their
own merits. Table 1 provides a comparison of our results with prior works and our conference
version (Yan et al., 2023), highlighting that we are the first to achieve gradient-variation
regret bounds across all three types of functions simultaneously. Both UniGrad.Correct
and UniGrad.Bregman require O(logT') gradient queries per round, as they maintain this
many base learners in parallel. To improve efficiency, we further develop UniGrad++, which
matches the same regret guarantees with only 1 gradient query per round. The key improve-
ment is a careful deployment of the “surrogate optimization” technique, which broadcasts
global gradient information to all base learners while effectively handling bias. Addition-
ally, we extend our method to an anytime variant, eliminating the requirement of the time
horizon T in advance and preserving the same guarantees.

Technical Contributions. To achieve gradient-variation adaptivity, it is typical to first
establish regret guarantees with respect to the empirical gradient-variation quantity Vi =
S LIV fi(xt) = Vfio1(x:-1)||?, and then convert them to the desired Vi-type bounds (see
definition in Eq. (1.2)) by handling the additional positive terms. This requires carefully ex-
tracting proper positive terms and canceling them by leveraging negative terms in the regret
analysis and algorithm design comprehensively, as well as exploiting additional curvature-
induced negative terms in the exp-concave and strongly convex cases. Crucially, all these
considerations must be compatible with the online ensemble structure, which demands
careful design and, in some cases, surgical adjustments across meta-base layers. Below, we
discuss key techniques of each method (with further comparisons in Section 7), along with
UniGrad++ and the anytime variant.

e Techniques of UniGrad.Correct. The key challenge here is to handle the stability
term Y7, ||x; — x;_1||? in universal online learning. This requires the meta algorithm
to achieve an optimistic second-order regret while retaining a stability negative term in
the analysis. To this end, we employ a two-layer mirror-descent-based meta algorithm,
resulting in an overall three-layer online ensemble structure. We develop a cascaded
correction mechanism to cancel stability in this three-layer ensemble and design appro-
priate optimism to ensure adaptivity across all three function classes. Owing to this
explicit stability cancellation, UniGrad.Correct preserves the RVU (Regret bounded by
Variations in Utility) property, which is essential for achieving fast convergence in online
games (Syrgkanis et al., 2015).

e Techniques of UniGrad.Bregman. We employ a fundamentally different approach by
conducting a novel smoothness analysis of gradient variations. This enables handling
a positive term unrelated to stability, thereby bypassing the need for stability-induced
negative terms in the meta algorithm. Combined with a new Bregman-divergence neg-
ative term extracted from the linearization, the algorithm avoids stability arguments
entirely and employs a simple two-layer structure, achieving the optimal O(v/V7) regret



ZHAO, YAN, YU, ZHOU

for convex functions. This optimal universal rate directly yields optimal guarantees for
the stochastically extended adversarial (SEA) model (Chen et al., 2024).

e Techniques of UniGrad++4. To improve gradient query efficiency, instead of relying on
the multi-gradient information {V f;(x;;)}X.;, UniGrad-++ adopts surrogate optimization
by using only the global gradient V f;(x;) to construct different surrogate functions that
incorporate curvature information and then feed them into the meta and base updates.
Consequently, it is crucial to address the bias introduced by the surrogate function and
to handle the additional positive term arising from gradient variations with respect to
the surrogate functions.

e Techniques of Anytime variant. For the anytime variant, since the algorithm does
not know the time horizon T in advance, it is impossible to predefine the number of
base learners, which is originally set as O(logT"). Moreover, the doubling trick cannot be
employed in this case, as it would introduce poly(log T') regret degradations, thereby ruin-
ing the desired gradient-variation bounds for exp-concave and strongly convex functions.
We design a dynamic online ensemble framework where the number of base learners is
adjusted dynamically based on certain monitoring metrics.

Implication and Applications. We demonstrate the importance and generality of our
results through several implications and applications. (i) The obtained gradient-variation
regret bounds not only safeguard worst-case guarantees (van Erven and Koolen, 2016; Wang
et al., 2019) but also directly imply the small-loss bounds of Zhang et al. (2022a) and the
gradient-variance bounds of Hazan and Kale (2010) in analysis. () Gradient variation is
shown to play an essential role in the stochastically extended adversarial (SEA) model (Sachs
et al., 2022; Chen et al., 2024), an interpolation between stochastic and adversarial convex
optimization. Our approach positively resolves a major open problem left in Chen et al.
(2024) on whether it is possible to develop a single algorithm with universal guarantees
across strongly convex, exp-concave, and convex functions in the SEA model. (74) In game
theory, gradient variation captures changes in other players’ actions and facilitates fast con-
vergence to the Nash equilibrium with stability cancellation arguments (Rakhlin and Srid-
haran, 2013b; Syrgkanis et al., 2015; Zhang et al., 2022b), and we apply UniGrad.Correct
to two-player zero-sum games to illustrate its universality.

Comparison to Conference Version. This journal extension significantly improves
upon our earlier conference papers (Yan et al., 2023, 2024) in algorithm design, regret
analysis, presentation, and experimental evaluation. Specifically, while UniGrad.Correct still
employs a three-layer online ensemble to achieve the desired gradient-variation regret, the
initial algorithm of Yan et al. (2023) required maintaining O((logT)?) base learners. In
contrast, the new design reduces the number of base learners to O(logT), substantially
improving computational efficiency. This improvement is enabled by a sharper understand-
ing of the three-layer online ensemble, leading to a new construction of correction terms
injected into the meta algorithm’s feedback loss. More comparisons are discussed in Sec-
tion 7.2. Additionally, we develop an anytime variant of Yan et al. (2024) that eliminates
the need for T in advance, which is achieved through a novel dynamic online ensemble
framework that adjusts the number of base learners based on monitoring metrics. Lastly,
we have made substantial improvements to the presentation, introducing a more systematic
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and unified framework for the two methods and a modular structure for technical proofs.
We then present the one-gradient version, with the critical role of surrogate loss design high-
lighted. We also include additional implications and applications to broaden the scope and
significance of our methods and conduct empirical evaluation to validate their effectiveness.

Organization. In the following, we first formally state the problem setup and review a
general framework for universal online learning in Section 2. Next, we provide the main
technical results in Section 3 and Section 4, where two methods with universal gradient-
variation regret bounds are developed. Section 5 enhances the efficiency by ensuring only 1
gradient query per round. Then, we discuss the implications, applications, and extensions of
the obtained gradient-variation universal regret bounds in Section 6. Based on the technical
details and provided applications, Section 7 offers detailed discussions of the two methods
and the extension over the conference version. Section 8 reports the experiments. Finally,
Section 9 concludes the paper. All proofs and omitted details are deferred to appendices.

2. Problem Setup and Preliminaries

In this section, we introduce preliminaries, including the problem setup, assumptions, the
optimistic online mirror descent, and a general universal online learning framework.

Notations. We use ||-|| for ||-||2 by default. We represent the i-th out of d dimensions of the
bold vector v (or v) using the corresponding regular font v;, i.e., v (or v) = (v1,va,...,vq) "
|x|ly & VxTUx refers to the matrix norm for any x, where U is a positive semi-definite
matrix. For a strictly convex and differentiable function ¢ : X — R, the induced Bregman
divergence is defined as Dy (x,y) = ¥(x) — ¥ (y) — (V¥ (y),x —y). We use A4 to represent
a d-dimensional simplex and denote the i-th basis vector by e;. We adopt the asymptotic
notations a < b or a = O(b) to denote that there exists a constant C' < oo such that
a < Cb. We use the O(-)-notation to highlight the dependence on T" and Vi while treating
the iterated logarithmic factors as a constant following previous work (Adamskiy et al.,
2012; Luo and Schapire, 2015; Zhao et al., 2024).

2.1 Problem Setup

The protocol of online convex optimization (OCO) is as follows: at each round t € [T, the
learner will select a decision x; € X C R%, while the environment simultaneously chooses a
convex function f; : X — R. The learner then incurs a loss f;(x;) and observes the gradient
information of the online function f;(-). Following Zhao et al. (2024), the OCO setting can
be further refined based on the type of gradient information accessible to the learner:

(i) multi-gradient feedback: the learner can access multiple gradients of the online
function, that is, f;(-) at round ¢ € [T7;

(ii) one-gradient feedback: the learner can only access one gradient at the decision
point, that is, V f;(x¢) at round ¢ € [T]].

We will first address the multi-gradient feedback model (in Section 3 and Section 4) and
then improve our results to the more challenging one-gradient feedback model in Section 5.
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The goal of the online learner is to minimize the regret measure defined in Eq. (1.1).
It is now well-established that the regret rates differ significantly depending on the type
of online functions and their curvature coefficients. In fact, there are three main classes of
online functions: strongly convex, exponentially concave (abbreviated as exp-concave), and
convex functions. The formal definitions are as follows (with convex functions omitted).

Definition 1 (Strong Convexity). A function f(-) is A-strongly convex if f(x) — f(y) <
(Vf(x),x —y) — 3 - ||x — y||? holds for any x,y € X.

Definition 2 (Exp-Concavity). A function f(-) is a-exponentially concave (abbreviated as
exp-concave),' if f(x)— f(y) < (Vf(x),x—y)— 5 -(Vf(x),x—y)? holds for any x,y € X.

We refer to the —%-||x—y||? term in A-strongly convex functions and the —%-(V f(x), x—
y)? term in a-exp-concave functions as the curvature-induced negative terms, which play
a crucial role in achieving improved regret bounds compared to convex functions. For the
problem-independent regret bounds, it is known that the minimax rates are O(%log T),
O(glog T), and O(V/T) for A-strongly convex, a-exp-concave, and convex functions, re-
spectively (Ordentlich and Cover, 1998; Abernethy et al., 2008). For the more adaptive
gradient-variation regret bounds, it is known that different algorithms can be designed for
each class of functions to achieve the corresponding regret bounds: (9(% log V) regret for
A-strongly convex functions, (9(% log V1) regret for a-exp-concave functions, and O(y/Vr)
regret for convex functions (Chiang et al., 2012; Zhang et al., 2022a).

Universal Online Learning. As can be observed from the above discussions, the cur-
vature information is crucial for the regret rate (no matter for the problem-independent
or gradient-variation regret), and thus it is crucial for the online learner to choose the
correct algorithm with well-tuned parameters for each class of functions. However, this
clearly burdens the learner with the prior knowledge of the function type and the parame-
ter characterizing the curvature, hence prohibiting more applications in practice. Given this
background, universal online learning aims to design a single algorithm that can achieve
the optimal regret bound for all three classes of online functions simultaneously.
Mathematically, for a sequence of online functions {f;}/_; that may belong to one of the
three classes — F2 (for A-strongly convex functions), F< (for a-exp-concave functions), and
Fe (for convex functions), universal online learning algorithm A aims to attain the following
universal regret satisfying:
REGT(Ase, F2.), when {f;}]_; belongs to F2\

REGT(A, {fi},) < REGT(Aec, F2), when {f;}]_ belongs to F<, (2.1)
REGT (A, Fe),  when {f;}]_; belongs to Fe,

where Asc, Acc, Ac are the (optimal) algorithms designed for F2, F<, and F., respec-
tively. The corresponding regret bounds are denoted as REGT(Agc, F2), REGT(Aec, F2),

1. The formal definition of B-exp-concavity is that exp(—Bf(-)) is concave. Under Assumptions 1 and 2
(see Section 2.2), B-exp-concavity implies Definition 2 with a = 3 - min{1/(4GD), 8} (Hazan, 2016,
Lemma 4.3). For clarity and simplicity, we adopt Definition 2 as an alternative of exp-concavity.
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and REG7(A., Fc). For problem-independent regret, the respective rates are O(%log T),
O(% log T), and O(\/T), as achieved by Zhang et al. (2022a). Furthermore, when adapting
to gradient variations, the regret improves to (9(% log V), O(% log V), and O(\/Vr).

2.2 Assumptions and Optimistic Online Mirror Descent

In this subsection, we first present several standard assumptions commonly used in online
convex optimization, and then introduce the algorithmic framework of optimistic online
mirror descent (OOMD) (Chiang et al., 2012; Rakhlin and Sridharan, 2013a), which serves
not only the foundation of many (adaptive) online learning algorithms, but also the basis
of our proposed methods for universal online learning.

Assumption 1 (Domain Boundedness). For any x,y € X C R% the domain diameter
satisfies ||x —y|| < D.

Assumption 2 (Gradient Boundedness). For all ¢t € [T] and any x € X, the gradient norm
of the online functions is bounded as ||V f(x)|| < G.

Assumption 3 (Smoothness). For each ¢ € [T, the online function f;(-) is L-smooth, i.e.,
IV fi(x) = Vfi(y)|| < L||x — y|| holds for any x,y € R%.

The domain boundedness and gradient boundedness are standard assumptions for regret
minimization in OCO (Shalev-Shwartz, 2012; Hazan, 2016). The smoothness assumption on
the online functions is necessary for first-order algorithms to achieve the gradient-variation
regret (Chiang et al., 2012). While Assumption 3 requires the smoothness on the entire
R? space here, this assumption can be relaxed to different degrees for our two proposed
methods, which will be specified later.

Optimistic Online Mirror Descent. OOMD applies to the optimistic online learning
scenario, where in addition to the standard protocol of OCO, at round ¢ € [T, the learner
also has access to an optimistic estimation of the future loss’s gradient V f;(x;) denoted
by M; € R% which is called “optimistic vector” or simply “optimism”. Based on this
information, OOMD updates in the following way:

X; = arg Iﬁl{in {ne(My,x) + Dy, (%,X¢) },
xXE

i1 = angin {10V fi(x),%) + Doy (x,%0) =2
xeX
where 1 (+) is a regularizer to be specified, 7; > 0 is a time-varying step size, X; is an internal
decision. This framework is highly generic and can recover many existing online learning al-
gorithms through flexible configurations (Zhao et al., 2024). A notable fact is that OOMD
can achieve an O(y/Ar) adaptive bound for convex functions under standard bounded
domain and gradient assumptions, where A 2 "L |V fi(x;) — M;||* (Rakhlin and Srid-
haran, 2013a). Essentially, this design represents how to capture the intrinsic/desired adap-
tivity in the online learning process: when the optimistic vector M; accurately predicts the
actual gradient V fi(x;), the quantity Ay becomes small, leading to improved regret.
Focusing on the gradient-variation regret and the case of known curvature information,
we have the following results. For convex functions, setting the optimism as the last-round
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gradient (i.e., M; = Vf,_1(x;—1)) and the Euclidean regularizer ¢;(x) = %[x|3, OOMD
recovers the well-known Optimistic Online Gradient Descent (OOGD) (Chiang et al., 2012):

xp =y [X — M), Ry = Ty [Re — eV fi(x4)] (2.3)

where [y[x] £ arg mingcy [[x — yll2 is the Euclidean projection onto the feasible domain

X. Under standard assumptions, setting the step size as 1y = min{D/\/1 + V;_1,1/(2L)},
where V; £ S0 [V fs(xs) — Vfs_1(x5-1)||?, OOGD enjoys an O(y/V7) gradient-variation
regret bound, which is provably optimal (Chiang et al., 2012).

For A-strongly convex functions, using the OOGD algorithm with M; = Vfi_1(x¢—1)
and 7, = 2/At, we can obtain an O(3logVr) gradient-variation regret bound (Chiang
et al., 2012; Zhang et al., 2022a).

For a-exp-concave functions, setting the optimism as the last-round gradient (i.e.,
M; = Vfi_1(x4—1)) and using the regularizer ¢y(x) = 3||x||, with U; = I + O‘TGQI +
g ’;;11 V fs(xs)V fs(x5)T, OOMD recovers the Optimistic Online Newton Step (OONS)
algorithm (Yang et al., 2014):

x; = argmin ||x — (X; — Ut_lMt)H?]ta X¢41 = argmin ||x — (X — Ut_IVft(xt))H?]t. (2.4)
xeX xeX

OONS achieves an O(g log V) gradient-variation regret bound (Yang et al., 2014).

2.3 A General Framework for Universal Online Learning

As presented in Section 2.2, while the same algorithmic template (OOMD) can be used
to achieve gradient-variation regret bounds across different function classes, the specific
configurations such as step size tuning and regularization are vastly different. This requires
the online learner to select the “correct” algorithm and configuration to ensure the favorable
guarantees. Universal online learning seeks to eliminate this burden by designing a single
algorithm that does not require prior knowledge of the function type or curvature, yet still
achieves the same regret bounds as if this information were known.

Now we will review a general framework for universal online learning and the key insight
of Zhang et al. (2022a), which achieves the minimax optimal regret bounds of O(5 logT)
for A-strongly convex, O(g log T') for a-exp-concave, and O(v/T) for convex functions. We
will also discuss the challenges of adapting this framework to the gradient-variation regret.

Online Ensemble for Universal Online Learning. The fundamental challenge in uni-
versal online learning lies in the uncertainty of the function type and curvature parameters.
A common wisdom is to employ an online ensemble with a meta-base two-layer structure,
where multiple diverse base learners are deployed to explore the environment and a meta
algorithm runs on top to dynamically track the best-performing base learner (van Erven
and Koolen, 2016; van Erven et al., 2021; Zhang et al., 2022a; Yan et al., 2023, 2024).
Without loss of generality, we can focus on the case where parameters o, A € [1/T,1]. If
a, A < 1/T, even the optimal minimax results—(’)(g logT') for exp-concave functions and
O(5 logT) for strongly convex functions (Hazan et al., 2007)—become linear in T, making
the regret bounds vacuous. Conversely, if a, A > 1, they can be treated as o, A = 1, which
only worsens the regret by an ignorable constant fac